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A. -R. M. Zaghloul,* R. M. A. Azzam,t and N. M. Bashara
Electrical Materials Laboratory - Engineering Research Center
University of Nebraska - Lincoln, Nebraska 68588
Abstract
Design parameters for Si02 -Si film- substrate single reflection
retarders for several mercury spectral lines are presented. An
example of an angle -of- incidence tunable retarder (AITR) cap-
able of multiple wavelength operation (MWO) is reported. Sim-
ple, approximate formulae for calculating film- substrate retarder
design parameters (least film thickness d' and incidence angle t')
are presented.
I. Introduction
Film- substrate reflection retarders have recently been intro-
duced to the literature.1 Film- substrate retarders do not depend
upon birefringent crystals for operation. The retardance prop-
erty of these devices is based upon external reflection from a
film- absorbing substrate system. In this paper, Si02 -Si film -sub-
strate retarders operating at several mercury wavelengths are
analyzed utilizing a previously developed procedure.2
The design of an angle -of- incidence tunable retarder for mul-
tiple wavelength operation (AITR -MWO) is presented. A film
thickness of 660A was chosen to reduce the prespecified ellip-
sometric angle (IP) error to 2 degrees maximum.
Simple formulae for the retarder design parameters d' (least
film thickness) and l' (incidence angle) are reported. The equa-
tions were obtained by means of linear regression of d' and (P'
on wavelength for constant retardance. The appropriate con-
stants are given in Table 3. These accurate formulae yield errors
of less than l0A film thickness and 1 degree incidence angle.
The formulae have interpolative value for wavelengths other
than those of the mercury spectral lines.
II. Design Results for Si02 -Si Reflection Retarders
at Mercury Spectral Lines
The design procedure of Ref. 2 was executed for Si02 -Si film -
substrate reflection retarders. Retarders for several mercury
lines over the entire range of retardance angle A, -180° < A
180° were designed. Values for the refractive index of Si02 and
the refractive index and extinction coefficient of Si used in the
analysis are given in Table 1.
Table 1. The refractive index (n) of SiO2 and
the refractive index (n) and extinction coefficient (k)





2537 3131 3341 3650 4046 4358 5461
1.5 1.487 1.48 1.475 1.47 1.46 1.45
1.67 4.9 5.06 6.63 5.63 4.83 4.07
3.59 3.63 3.04 2.74 0.29 0.116 0.033
*After Ref. 3.
*Now with the Department of Electrical Engineering, Faculty of Engi-
neering, Cairo University, Cairo, Egypt.
j A1so with the Division of Hematology and Department of Internal
Medicine, College of Medicine, University of Nebraska Medical Center,
Omaha, Nebraska 68105.
1365 received May 17, 1976; revised February 22, 1977.
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The design results are shown collectively in Figures 1 -3. Fig-
ures 1 and 2 give the least film thickness d' and the angle of
incidence 0', respectively, required for operation of the system

























-160 -120 -80 -40 40 80 20 160 180
0
Figure 1. Least film thickness d' as a function of retardation angle a
for the exact operation of the Si -SiO2 system as a reflection retarder at
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Figure 2. Angle of incidence tt' as a function of retardation angle A for
exact operation of the Si -SiO2 system as a reflection retarder at selected
wavelengths. Both qt' and 1 are in degrees.
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Figure 3. p- and s- reflectances Rp and Rs (Rp = Rs) as a function of
retardation angle 0 for Si -SiO2 reflection retarder designs at selected
wavelengths.
180 °. The values of A = 0 and A = ± 180° are excluded because
any film thickness will give these retardation values at grazing
(0 = 90 °) and perpendicular (0 = 0) incidence, respectively. In
Figure 3 the p- and s- reflectances, Rp and Rs (Rp = Rs for re-
flection retarders), are shown as functions of at the different
wavelengths.
Figure 1 shows that the differences between the minimum
and maximum film thicknesses
S d+ = d'(i = 0) - d'(A = +180°)
6d-= d'(A = 0) - d'(A = -180°)
for the positive and negative ranges of A, respectively, decrease
with wavelength. As the difference 6d decreases, angle -of -inci-
dence tunable retarders* (AITR) of near -ideal performance be-
come realizable. Obviously, the ideal AITR operates at a wave-
length X where 6d = 0. For the Si02 -Si system ñ+ (for the posi-
tive range of A) is very close to 2537 A, see Figure 1. This de-
sign was reported separately in Ref. 4. The wavelength Xis ex-
pected to occur at a smaller wavelength.
III. Angle -of- Incidence Tunable Retarders for
Multiple -Wavelength Operation (AITR -MWO)
The retardance of film- substrate reflection retarders can be
tuned by varying the incidence angle. Practical AITRs require
6d to be relatively small over the entire range of retardance
angle A and that a prespecified ellipsometric angle >V error2 (de-
viation from 45 °) be tolerated (tant L = Rp /Rs). For each film-
substrate system, one or more bandwidths may exist for AITR
that can operate at multiple wavelengths and satisfy the re-
quired conditions.
Figure 1 shows that in the positive range of A, 0 < A < 180°
(the range of 0 with the relatively small value of 6d), the thick-
ness ranges for the d'- versus -A curves at different wavelengths
X do not overlap except for X = 4358 A and 4046 A. Overlap-
*Reflection devices with a retardation that varies as a function of inci-
dence angle.
ping means that one design, of a given film thickness, operates
as a reflection retarder at two wavelengths. Of course, the
tuning curve (A versus 0) for this design at the two wavelengths
will be different. This should not be considered as a disadvan-
tage since the retarder will be calibrated before use. This AITR-
MWO is expected to continue to operate at the wavelengths
between and around X = 4358 and 4046 A.
When we took different values of film thickness in the over-
lap region of the thickness ranges for X = 4358 and 4046 A and
compared the characteristics of the AITRs obtained at both
wavelengths, a compromise between the operating angle of in-
cidence range and the minimum -maximum error of 0 was
reached for d = 660 A. The range of operation was chosen such
that the minimum -maximum error of 0 (see Ref. 2) was less or
equal to 2 °. Table 2 gives the operating angle -of- incidence range,
Table 2. The operating range of angle of incidence 0', the maximum
error in the ellipsometric angle 0 - 45° ), 8 , and the angle of
incidence 0 at which this maximum occurs for film thickness d = 660 A
at both wavelengths X = 4046, and 4358 A.
X (A) range of (deg.) max 8>V°
4046 0 -90 +1.73 50.8125
4358 0 - 53.375 -2 53.375
4358 84.375 - 90 -2 84.375
the maximum error of i i , S çlì and the angle of incidence at
which this maximum occurs for d = 660 A at both X = 4046 and
4358 A. Figure 4 shows the iii- versus -0 curves for d = 660 A at
Figure 4. Ellipsometric angle 0 as a function of angle of incidence g5
for Si -SiO2 system with a film thickness d = 660 A at X = 4046 A (dashed
line) and X = 4358 A. Both 0 and 0 are in degrees.
both wavelengths, X = 4358 and 4046 A. The tunability curves,
0 versus 0, for the same film thickness and wavelengths are
shown in Figure 5.
Because the negative range of A is not suitable for AITRs at
the wavelengths under consideration (6d- is large), a certain
thickness can operate at different wavelengths as an exact re-
flection retarder only at discrete different angles of incidence.
It is expected that AITRs or AITR -MWOs would be possible in
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Figure 5. Retardation angle A as a function of the angle of incidence 0
(tunability curve) for Si -Si02 system with a film thickness d = 660 A at
X = 4046 A (dashed line) and X = 4358 A. Both A and rp are in degrees.
the negative range of A at wavelengths and /or for film- substrate
materials other than those considered above.
IV. Effect of Dispersion and Approximate
Formulae for the Design of Reflection Retarders
The effect of dispersion on the design parameters of the Si02 -Si
retarder, 0' and d', is evident in Figures 1 and 2. For another
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Figure 6. Relation between film thickness d' and wavelength X (both
are in angstroms) for operation of the Si -SiO2 system as a reflection re-
tarder with retardation angle A = -90° (A) and A = +90° (o).
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d' and the angle of incidence 0' for which A = constant at dif-
ferent wavelengths. Figures 6 and 7 show the relation between
d' and X, and 0' and A, respectively, for A = ±90 °. These figures
are representative; similar figures are obtained for other values
of A.
Figure 7. Relation between angle of incidence q,' (in degrees) and wave-
length X (in angstroms) for operation of the Si -SiO2 system as a reflec-
tion retarder with retardation angle A = -90° (A) and A = +90° (o).
When we plotted d' and 0', for a specified A, versus X in the
spectral range 2537 -5461 A on semi - logarithmic paper, the re-
sulting points could be fitted accurately to two straight -line seg-
ments of different slopes. This suggested that approximate for-
mulae of the form
d' = (loge(X)-A)/B, (1)
0' = (loge(X)-D)/C, (2)
could be used, where A, B, C, and D are constants for a given A
and range of X. These formulae give an error less than 10 A in
determination of the film thickness d', and an error less than 1°
in determination of the angle of incidence 0'. The simplicity of
these formulae makes them suitable for hand calculations. Fur-
thermore, the formulae have an interpolative value for wave-
lengths X between those of the strong spectral lines of mercury.
For example, Eq. (1) can be used to obtain the wavelength X at
which a given film thickness leads to a reflection retarder with
the chosen retardation. By substitution of the obtained value of
X into Eq. (2) we can calculate the required angle of incidence
0'. Table 3 gives the constants A and B of Eq. (1) and the ranges
of wavelength X and d film thickness over which they are applic-
able, as well as the constants C and D of Eq. (2) and the ranges
of X and 0 over which they are applicable.
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Table 3. The constants A and B of Eq. (11, and the ranges of the
film thickness d and wavelength X over which they are applicable;
and the constants C and D of Eq. (2), and the ranges of angle of




A B(A)-i range of d(A)
range of X
(A)
A A B range of d range of X 7.43247 0.00084 904.80 1399.07 3615.44 5461.00
(deg.) (A) -' (A) (A)
-140 7.23878 0.00109 557.06 880.92 2537.00 3623.18
7.42853 0.00087 880.92 1356.10 3623.18 5461.00
10 7.41788 0.00141 300.64 536.35 2537.00 3541.02 150 7.22740 0.00114 540.95 851.23 2537.00 3630.45
7.60459 0.00106 536.35 944.02 3541.02 5461.00 7.42731 0.00090 851.23 1306.45 3630.45 5461.00
20 7.41754 0.00141 300.60 535.92 2537.00 3540.28
-160 7.21448 0.00121 519.78 812.63 2537.00 3634.90
7.60380 0.00106 535.92 943.05 3540.28 5461.00 7.43079 0.00094 812.63 1247.28 3634.90 5461.00
30 7.41699 0.00141 300.54 535.22 2537.00 3539.04
-170 7.20165 0.00131 489.16 758.19 2537.00 3630.79
7.60246 0.00106 535.22 941.44 3539.04 5461.00 7.44441 0.00099 758.19 1172.61 3630.79 5461.00
40 7.41617 0.00141 300.46 534.26 2537.00 3537.43
A C D range of op range of X7.60067 0.00107 534.26 939.22 3537.43 5461.00
50 7.41511 0.00142 300.35 533.03 2537.00 3535.43 (deg.) (deg. -1 (deg.) (A)
7.59844 0.00107 533.03 936.41 3535.43 5461.00
10 1.25864 -102.537 87.70 87.99 2537.00 3677.1260 7.41377 0.00142 300.22 531.56 2537.00 3533.24
7.59586 0.00108 531.56 933.02 3533.24 5461.00 -1.11484 106.304 87.99 87.64 3677.12 5461.00
70 7.41212 0.00143 300.07 529.85 2537.00 3530.87 20 0.62800 - 45.778 85.39 85.97 2537.00 3677.27
7.59293 0.00109 529.85 929.07 3530.87 5461.00 -0.56554 56.829 85.97 85.28 3677.27 5461.00
80 7.41012 0.00144 299.90 527.89 2537.00 3528.41 30 0.41710 - 26.795 83.05 83.93 2537.00 3677.39
7.58971 0.00110 527.89 924.55 3528.41 5461.00 -0.3 8609 40.613 83.93 82.91 3677.39 5461.00
90 7.40770 0.00145 299.71 525.68 2537.00 3525.97 40 0.31125 - 17.266 80.68 81.85 2537.00 3677.67
7.58621 0.00111 525.68 919.44 3525.97 5461.00 -0.29918 32.698 81.85 80.55 3677.67 5461.00
100 7.40478 0.00146 299.51 523.23 2537.00 3523.63 50 0.24742 - 11.517 78.25 79.73 2537.00 3678.16
7.58243 0.00112 523.23 913.69 3523.63 5461.00 -0.24935 28.091 79.73 78.16 3678.16 5461.00
110 7.40123 0.00147 299.31 520.51 2537.00 3521.51 60 0.20462 - 7.657 75.76 77.55 2537.00 3678.87
7.57836 0.00113 520.51 907.23 3521.51 5461.00 -0.21826 25.136 77.55 75.76 3678.87 5461.00
120 7.39691 0.00149 299.12 517.49 2537.00 3519.71 70 0.17386 - 4.878 73.17 75.29 2537.00 3679.97
7.57395 0.00114 517.49 899.94 3519.71 5461.00 -0.19797 23.115 75.29 73.31 3679.97 5461.00
130 7.39153 0.00151 298.96 514.15 2537.00 3518.47 80 0.15067 - 2.776 70.47 72.92 2537.00 3681.50
7.56910 0.00116 514.15 891.67 3518.47 5461.00 -0.18470 21.679 72.92 70.80 3681.50 5461.00
140 7.38474 0.00153 298.87 510.45 2537.00 3518.01 90 0.13256 - 1.124 67.63 70.42 2537.00 3683.60
7.56364 0.00118 510.45 882.17 3518.01 5461.00 -0.17635 20.631 70.42 68.20 3683.60 5461.00
150 7.37585 0.00156 298.93 506.34 2537.00 3518.78 100 0.11806 0.213 64.61 67.75 2537.00 3686.47
7.55726 0.00120 506.34 871.04 3518.78 5461.00 -0.17179 19.852 67.75 65.47 3686.47 5461.00
160 7.36367 0.00160 299.31 501.78 2537.00 3521.63 110 0.10625 1.322 61.35 64.86 2537.00 3690.35
7.54932 0.00123 501.78 857.67 3521.63 5461.00 -0.17045 19.269 64.86 62.57 3690.35 5461.00
170 7.34563 0.00166 300.41 496.85 2537.00 3528.37 120 0.09655 2.260 57.79 61.68 2537.00 3695.63
7.53823 0.00127 496.85 840.84 3528.37 5461.00 -0.17209 18.829 61.68 59.40 3695.63 5461.00
-10 7.29817 0.00087 624.55 1020.28 2537.00 3596.86 130 0.08859 3.071 53.82 58.08 2537.00 3702.90
7.50851 0.00067 1020.28 1649.72 3596.86 5461.00 -0.17686 18.490 58.08 55.88 3702.90 5461.00
-20 7.29740 0.00087 623.81 1018.28 2537.00 3596.23 140 0.08223 3.786 49.29 53.92 2537.00 3713.18
7.50617 0.00067 1018.28 1644.79 3596.23 5461.00 -0.18513 18.201 53.92 51.82 3713.18 5461.00
-30 7.28976 0.00088 625.56 1013.26 2537.00 3591.13 150 0.07762 4.431 43.91 48.87 2537.00 3728.37
7.50238 0.00067 1013.26 1636.67 3591.13 5461.00 -0.19772 17.886 48.87 46.94 3728.37 5461.00
-40 7.29430 0.00088 620.79 1010.42 2537.00 3594.28 160 0.07556 5.033 37.15 42.32 2537.00 3752.49
7.49730 0.00068 1010.42 1625.50 3594.28 5461.00 -0.21587 17.366 42.32 40.61 3752.49 5461.00
-50 7.29195 0.00089 618.46 1004.59 2537.00 3593.30 170 0.08017 5.632 27.56 32.55 2537.00 3795.99
7.49116 0.00069 1004.59 1611.45 3593.30 5461.00 -0.24382 16.179 32.55 31.18 3795.99 5461.00
-60 7.28904 0.00090 615.53 997.51 2537.00 3592.62 -10 -1.08811 104.09207 88.47 88.11 2537.00 3723.56
7.48415 0.00070 997.51 1594.65 3592.62 5461.00 -0.74687 74.02630 88.11 87.65 3723.56 5461.00
-70 7.28553 0.00091 611.95 989.18 2537.00 3592.51 -20 -0.54389 55.10786 86.92 86.20 2537.00 3725.19
7.47655 0.00072 989.18 1575.21 3592.51 5461.00 -0.37663 40.68981 86.20 85.29 3725.19 5461.00
-80 7.28140 0.00092 607.63 979.55 2537.00 3593.22 -30 -0.36233 38.76019 85.36 84.28 2537.00 3727.77
7.46857 0.00073 979.55 1553.19 3593.22 5461.00 -0.25459 29.67940 84.28 82.94 3727.77 5461.00
-90 7.27658 0.00094 602.47 968.50 2537.00 3594.97 -40 -0.27142 30.56734 83.77 82.32 2537.00 3731.81
7.46048 0.00075 968.50 1528.55 3594.97 5461.00 -0.19456 24.24053 82.32 80.58 3731.81 5461.00
-100 7.27101 0.00096 596.35 955.89 2537.00 3598.02 -50 -0.21665 25.62589 82.14 80.31 2537.00 3738.53
7.45252 0.00077 955.89 1501.16 3598.02 5461.00 -0.15929 21.01925 80.31 78.20 3738.53 5461.00
-110 7.26458 0.00098 589.07 941.40 2537.00 3602.46 -60 -0.17997 22.30947 80.45 78.24 2537.00 3748.33
7.44497 0.00079 941.40 1470.77 3602.46 5461.00 -0.13636 18.89741 78.24 75.81 3748.33 5461.00
-120 7.25718 0.00101 580.37 924.60 2537.00 3608.34 -70 -0.15354 19.91336 78.70 76.07 2537.00 3763.72
7.43815 0.00081 924.60 1436.96 3608.34 5461.00 -0.12044 17.39530 76.07 73.37 3763.72 5461.00
-130 7.24864 0.00104 569.89 904.80 2537.00 3615.44 -80 -0.13344 18.08526 76.85 73.78 2537.00 3789.28
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-0.10887 16.27258 73.78 70.87 3789.28 5461.00
-90 -0.11751 16.63033 74.89 71.30 2537.00 3835.01
-0.10018 15.39515 71.30 68.28 3835.01 5461.00
-100 -0.10441 15.42949 72.79 68.50 2537.00 3935.35
-0.09349 14.68143 68.50 65.56 3935.35 5461.00
-110 -0.09329 14.40601 70.50 64.78 2537.00 4283.91
-0.08822 14.07784 64.78 62.65 4283.91 5461.00
-120 -0.08354 13.50654 67.95 84.38 2537.00 3637.14
-0.08402 13.54646 84.38 59.50 3637.14 5461.00
-130 -0.07474 12.69294 65.07 62.06 2537.00 3147.69
-0.08061 13.05739 62.06 55.98 3147.69 5461.00
-140 -0.06651 11.93364 61.71 57.35 2537.00 3356.96
-0.07785 12.58387 57.35 51.94 3356.96 5461.00
-150 -0.05849 11.19872 57.61 52.31 2537.00 3426.23
-0.07563 12.09525 52.31 47.06 3426.23 5461.00
-160 -0.05021 10.45268 52.25 45.92 2537.00 3453.14
-0.07406 11.54775 45.92 40.75 3453.14 5461.00
-170 -0.04070 9.62664 44.15 36.34 2537.00 3455.16
-0.07437 10.84993 36.34 31.31 3455.16 5461.00
We wish to thank the anonymous reviewer for his careful read -
ing of the manuscript and for his several constructive sugges-
tions for improving the readability of the paper and also for cor-
recting a few errors.
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